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Lecture 19: Hurewicz Theorem
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Hurewicz Theorem connects homotopy groups with homology

groups. Recall that )
H,(S") = Z.

Let us fix generators }
in € Hp(S")

which are compatible with the isomorphisms

,(S") = Ha(D", S"1) = H,_1(S"1).
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For n > 1, the Hurewicz map is

pn: ma(X) = Hp(X) by sending

[f: S" — X] = fi(in).
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g :{‘
The Hurewicz map is a group homomorphism.

Proof: Let [f], [g] € mn(X), their product in 7,(X) is represented by

v Y xyxo X
Here the map ¢ shrinks the equator S"~! of S” to a point, and

S/l =gy s,
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Apply Hp(—) we get
ny\ Px n ny fxDgx sum
H,(S") 5 H,(S") @ Ha(S") "= Ha(X) @ Ha(X) 25 H,(X).
Observe @, : H,(S")— H,(S") @ H,(S") is the diagonal map
X—> XD X

It follows that

pn([f[gl) = £i(in) + &« (in) = pn(f) + pn(8)-
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Let G be a group. Given g, h € G, we define its commutator by

lg. h] = ghg 'h 1.

We define the conmmutator subgroup [G, G| to be the subgroup of
G generated by all the commutators.

> g h " =[hg

» a[g, hla—! = [aga—!,aha"!]. So [G, G] is a normal subgroup.
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The quotient group G,, = G/[G, G] is an abelian group, which is
called the abelianization of G. The quotient map

G— Gab

is called the abelianization homomorphism, which is an
isomorphism if G is an abelian group.
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The abelianization defines a functor

A : Group — Ab
which is left adjoint to the inclusion functor

j: Ab — Group

A: Group ——

Ab: |
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If Gis a free group, then G,y is a free abelian group.

The commutator subgroup of GL,(R) is SL,(R).

Example

The commutator subgroup of the symmetric group S, is the
alternating group A,.

=] F = E DA
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Theorem (Hurewicz Theorem)
Let X be a path-connected space which is (n — 1)-connected
(n>1). Then the Hurewicz map

pn : Tp(X) = Hp(X)
is the abelianization homomorphism.

Explicitly, Hurewicz Theorem has the following two cases.

1. If n=1, then py : m(X) — Hy(X) induces an isomorphism

™1 (X)ap — Hi(X).

2. If n>1, then pp, : mp(X) — Hp(X) is an isomorphism.
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Before we prove the Hurewicz Theorem, we first prepare some
useful propositions.

Let f: X — Y be a weak homotopy equivalence. Then

fo : Ho(X) = Hu(Y)

is an isomorphism for all n.

u}
)
I
il
it
S
»
i)



Algebraic Topology 2020 Spring@ SL

We can assume fis a cofibration. Then 7,(Y, X) = 0 for all n.
Let 0 =), njo; represent an arbitrary element of H,(Y, X) where

oi: A" =Y, 0doeX

We can use the simplexes of ¢}'s to build up a finite CW complex
K with a subcomplex L, and a map

FTK=Y, ol)cX

such that [o] = f,[y] is the image of an element [y] € H,(K, L).
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Since X < Y'is an oo-equivalence, fis homotopic relative L to a

map g that sends K into X.

_—
7

g ,
s

X<—
< <X

£\

Y

S
f
So [0] = g«[7] = 0. It follows that

H,(Y,X) =0

for all n. This proves the proposition.
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Let Y=\/S" is a wedge of spheres (n > 1). Then

Ta(Y) — I:In(y)

is the abelianization homomorphism.

Proof. )
If n> 1, then m,(Y) =Hp(Y) =P Z.

If n=1. then 71(Y) is a free group, H;(Y) is a free abelian group
which is the abelianization of 7 (Y).
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Proof of Hurewicz Theorem

We can assume X is a CW complex. Otherwise we replace X by a
weak homotopic equivalent CW complex, which has the same
homotopy and homology groups. The construction of CW
approximation also implies that we can assume

XNecXtc.cxleXxc---cX
where X0 = X! = ... = X" is a point. Since
Ta(X"H) = 75(X),  Ha(X™) = Hy(X),

we can further assume X = X"t1.
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By assumption
X" =\/s"
i
is a wedge of spheres. Let

@:HS”%\/S"

be the gluing map for attaching (n+ 1)-cells. Using the cellular
approximation, we can assume ¢ is based

@ : Y:\/S”—>\/5".
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Let
Z= M,

be the reduced mapping cylinder of ¢, which is homotopy
equivalent to X". Xis the cofiber of ¢

X=12/Y.
We have the push-out diagram

Y —— %

|

/——X

where x is the base point.
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Replacing x by the reduced cone C,Y and consider the push-out

y—>cvy

b

Z——=X

Since jis an (n — 1)-equivalence and i is an n-equivalence,
Homotopy Excision Theorem implies

T(Z,Y) = mo(X, C.Y) = m(X) if n>1.
This implies the exact sequence

Tn(Y) = mp(2) = mp(X) = mp—1(Y) =0 if n>1.
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For the case n =1, Seifert-van Kampen Theorem implies that
m1(X) is the quotient of m1(Z) by the normal subgroup generated
by the image of 71 (Y).

On the other side, we have the homology exact sequence

Ha(Y) = Hp(2) = Hp(Z, Y) = Ha(X) = Ha_1(Y) = 0.
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Now we consider the commutative diagram

Tn(Y) ——mn(2) mn(X) 0

.

Hn(Y) —Hn(2) Hp(X) 0
Since Y, Z are wedges of spheres,

m(Y) = Hp(Y) and 7,(2) — Hp(2)

are abelianization homomorphisms. Therefore 7,(X) — H,(X) is
also the abelianization homomorphism.
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Example

The homology of S” and Hurewicz Theorem implies that

0
mw(S") = 7

if k<n
if k=n.

In particular, the degree of a map f: S” — 5" can be described by
either homotopy or homology.
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Hurewicz Theorem has a relative version as well.

Let (X, A) be a pair of path-connected spaces and A non-empty.
Assume (X, A) is (n — 1)-connected (n > 2) and A is
simply-connected. Then

H,(X;A)=0 for i<n
and the Hurewicz map
(X, A) — Hp(X, A)

is an isomorphism.
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Theorem (Homology Whitehead Theorem)

Let f: X — Y between simply connected CW complexes. Assume
fi : Ho(X) — Ha(Y)

is an isomorphism for each n. Then fis a homotopy equivalence.
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We can assume Xis a CW subcomplex of Y. Then
H,(Y,X) =0 forall n.

By Hurewicz Theorem,
(Y, X) =0 forall n.

Therefore fis weak homotopy equivalence, hence a homotopy
equivalence by Whitehead Theorem.
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Every simply connected and orientable closed 3-manifold is
homotopy equivalent to S3.

Proof: Let X be a simply connected and orientable closed
3-manifold. Then

Ho(X) =Z, Hi(X) =m(X)=0.

Since X is orientable, H3(X) = Z and Poincare duality holds (we
will discuss in details later)

Hy(X) = H' (X).
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By the Universal Coefficient Theorem,
H'(X) = Hom(H;(X), Z) ® Ext(Hy(X),Z) = 0.
So Ha(X) = 0. By Hurewicz Theorem,
m3(X) — Hz(X)
is an isomorphism. Let f: S> — X represent a generator of

m3(X) = Z.

Then
f, : Ho(S®) = Ho(X)

are isomorphisms. It follows that fis a homotopy equivalence.
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The famous Poincare Conjecture asks that such Xis
homeomorphic to 3.




